The divergent part of the one-loop effective action in Chiral Perturbation Theory with virtual photons has been evaluated in an arbitrary covariant gauge. The differential operator, that emerges in the functional determinant, is of a non-minimal type, for which the standard heat kernel methods are not directly applicable. Both SU (2) and SU (3) cases have been worked out. A comparison with existing results in the literature is given.
Introduction
of different methods. However, to the best of our knowledge, the general methods so far have not been applied to the particular problem we are interested in. The aim of the study, carried out in this brief note, is to close the gap and to present a calculation of the divergent part of the one-loop effective functional in ChPT with virtual photons in an arbitrary covariant gauge.
The layout of the paper is as follows. In the section 2 we collect all the relevant notation and display the O(p 4 ) Lagrangian in the 3-flavor ChPT. In section 3 we write down the one-loop effective action with virtual photons. The calculation of the divergent part of the functional determinant in the arbitrary covariant gauge is presented in section 4 and the renormalization is carried out in section 5, where the divergent part of the LECs both in 3-flavor and 2-flavor cases are displayed. In the section 6, comparison to the results, available in the literature, has been carried out. Finally, section 7 contains a short summary of our findings.
ChPT with virtual photons
This section collects the notations, which will be used in the following. The lowest order Lagrangian of ChPT with virtual photons in case of three flavors is given by
where U is a unitary 3 × 3 matrix containing eight Goldstone boson fields, the brackets stand for the traces in flavor space, and
2)
Here Q = e diag (2/3, −1/3, −1/3) is the charge matrix of the quarks, s, p, v µ , a µ are the external scalar, pseudoscalar, vector and axial-vector sources, respectively, and A µ is the electromagnetic field. The O(p 2 ) low-energy constant F 0 is the pion decay constant in the chiral limit, B 0 is related to the quark condensate and C = F 4 0 Z describes the O(e 2 ) electromagnetic mass splittings of Goldstone bosons:
The Lagrangian (2.1) should be supplemented by the electromagnetic field Lagrangian
where a denotes the gauge fixing parameter.
The full Lagrangian at next-to-leading order is given in Ref. [3] . It contains strong and electromagnetic terms
where
The coefficients L i , H i , K i cancel the UV divergences, arising from the divergent part of the one-loop effective action 10) where d is the number of space-time dimensions and µ denotes the scale of dimensional regularization. The aim of the present work is to determine the gaugedependent part of Σ i . The quantities Γ i , ∆ i , as well as Σ i at a = 1 are already available in the literature.
3 One-loop effective action
The one-loop generating functional for the connected Green functions is given by
where the integral is evaluated in the semi-classical approximation. To this end, we expand the fields U(x), A µ (x) around the solutions of the classical equations of motionŪ ,Ā µ :
2) whereŪ = u 2 and ξ is a traceless hermitian matrix, ξ = a ξ a λ a (here, λ a denote the Gell-Mann matrices).
Next, we substitute this expansion in the action functional in Eq. (3.2) and retain those terms, stemming from L 2 , which are at most quadratic in ξ, ǫ µ (at this order, the fields in L 4 can be replaced by the classical solutions). The calculations are conveniently done in Eucledean space. The Euclidean action functional then becomes
where the LagrangiansL 2 ,L 4 are obtained from L 2 , L 4 after continuation to Euclidean space and the substitution U, A µ →Ū ,Ā µ . The fluctuations are collected in a single vector
The differential operator D is defined as:
with
The elements of these matrices are given by the expressions:
Thus, the Euclidean generating functional at one loop is given by
where all quantities are to be evaluated at the classical solutionsŪ (x),Ā µ (x). The determinant of the operator D requires renormalization, since it contains divergences of one-loop graphs. As mentioned before, these divergences should be absorbed by the counterterms, contained inL 4 , see Eq. (2.10).
Note that, if a = 1, the expression in Eq. (3.5) turns into the standard expression (see, e.g., [3, 6] ). The differential operator, emerging there, is of a minimal type. The UV-divergent part thereof can be found in a straightforward manner by using the well-known expression
where "tr" means the trace in the multi-index A = (a, µ) and
4 The case a = 1
In general, when a is not equal to 1, the differential operator in Eq. (3.5) is of a non-minimal type and one has to resort to a different method for calculating the determinant. In particular, in analogy to Ref. [28] , we evaluate the UV-divergent part of the determinant by means of a straightforward expansion in powers of ω, see Eq. 
3)
The matrix elements of the operator ω are given by
The components of the above matrix can be written in the following form
From Eq. (4.1) after rather voluminous calculations one obtains
where the first term is given by Eq. (3.10), and
Note that S 1 , . . . , S 4 correspond to the loop with one, two, three, four external legs, see Eq. (4.1). The quantity S 1 vanishes in the dimensional regularization, because it contains a no-scale integral.
Putting things together and using Eq. (4.6), we obtain
This is our final expression for the one-loop determinant in an arbitrary covariant gauge.
Renormalization
At the next step, we continue Eq. (4.9) back to Minkowski space and substitute explicit expressions, given in Eq. (3.7). Carrying out the summation over flavor indices, in the three-flavor case one obtains:
where we have used the relation
It should be pointed out that the terms with (a − 1) 2 have completely cancelled in the final expression.
By using the equations of motion, the equation (5.1) can be simplified to
The UV divergences in the electromagnetic LECs can be directly read off from the expression above. Using the result of Ref. [3] , obtained for a = 1, we get (see also Eq. (A.7) from Ref. [6] ):
Z,
(1 − a),
In case of two flavors, the first term of Eq. (5.3) can be further simplified by using the following identity
Using the effective Lagrangian, given in Ref. [6] , one reads off the divergent parts of the LECs in the two-flavor case as well
The equations (5.4) and (5.7) represent the main result of the present paper. Note also that, through the renormalization group equations, these equations define the gauge dependence of the scale-dependent part of the LECs K r i (µ) and k r i (µ), respectively.
Comparison to existing calculations
The dependence of some of the LECs on the gauge parameter has been studied in Refs. [10, 12, 13] . We have explicitly checked that, in all cases, our results agree with those from Refs. [10, 12, 13] . does not depend on the gauge parameter a. The same statement holds for the combinations of the LECs, which appear in the πK scattering amplitude [29] . Below, for illustration, we list some of these combinations: Similar checks have been carried out in case of the 2-flavor ChPT, considering the combinations of LECs, appearing in the pion masses and the ππ scattering amplitudes [5, 6] . In Ref. [30] , the matching of the 2-and 3-flavor electromagnetic LECs has been carried out. For illustration, consider one of the relations from Ref. [30] :
where M K stands for the kaon mass (at this order in e, there is no difference between charged and neutral kaon masses). Note that only the loops with the particles containing s-quark(s) (kaons and η) contribute to the matching conditions. Consequently, since the photon loop is absent, the matching condition should not contain the gauge parameter a and be, therefore, gauge invariant. Inserting Eqs. (5.4) and (5.7), we have checked that this is indeed the case for the scale-dependent part of all relations listed in Ref. [30] .
Finally, we wish to comment on the result of Ref. [22] (the divergent coefficients in 4 dimensions are given in Ref. [27] , which contains a compilation of the earlier results). It turns out that the formulae displayed there are not well suited for the direct comparison with our expressions. However, it should be still pointed out that the divergent coefficients from table 2 of Ref. [27] contain logarithmic dependence on the gauge parameter. It is clear that such a dependence can never arise in our framework. Note also that such a logarithmic dependence on the gauge parameter arises from the photon mass term in the propagator and is thus of the infrared origin. Its appearance in the β-functions looks counterintuitive to us. Further, the logarithmic contributions in Ref. [12] , which were mentioned in Ref. [27] , arise in various correlators and not in the LECs. Consequently, these (scale independent) contributions can not be identified with those from table 2 of Ref. [27] 2 .
Summary
In this paper, we calculate the divergent part of the one-loop effective action in ChPT with virtual photons in an arbitrary covariant gauge. Except in the Feynman gauge, the differential operator in the action is of a non-minimal type, for which the standard technique, based on the heat kernel expansion, is not directly applicable. Instead, we have resorted to a straightforward perturbative expansion of the determinant. The final result for the divergent part of the effective action is given in Eqs. 
